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Abstract
We prove the following: Let A and B be separable C∗-algebras. Suppose that B is a type I
C∗-algebra such that
(i) B has only inﬁnite dimensional irreducible ∗-representations, and
(ii) B has ﬁnite decomposition rank.
If
0 → B → C → A→ 0
is a unital homogeneous exact sequence with Busby invariant , then the extension  is absorbing.
In the case of inﬁnite decomposition rank, we provide a counterexample. Speciﬁcally, we
construct a unital, homogeneous, split exact sequence of the form
0 → C(Z)⊗K→ C → C→ 0
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which is not absorbing. In this example, Z is an inﬁnite-dimensional, compact, second countable
topological space. This gives a counterexample to the natural inﬁnite-dimensional generalization
of the result of Pimsner, Popa and Voiculescu.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction
In view of the interesting results of Villadsen [17] and of Rørdam [15], it seems
timely to make a few remarks about absorbing extensions involving C∗-algebras with
inﬁnite base spaces. Recall that Pimsner et al. [13] showed that a family of extensions
satisfying the hypothesis of Voiculescu’s absorption theorem [18] at every point would,
if the family satisﬁed a certain condition called homogeneity, be absorbing. We gener-
alize this result in several directions simultaneously. Replacing the compact operators
by a reasonably general class of type I C∗-algebras, we ﬁrstly implicitly prove a coun-
terpart of Voiculescu’s absorption theorem for this class of type I algebra, using our
earlier results [5], and then, generalizing Pimsner, Popa, and Voiculescu’s deﬁnition of
homogeneity, we prove a counterpart of their absorption theorem for families. There
appears to be a fundamental obstacle if the spectrum is inﬁnite-dimensional. Using
Kirchberg and Winter’s [8] notion of decomposition rank to measure the noncommu-
tative dimension of the algebra, we establish an absorption theorem for the case of
ﬁnite decomposition rank, and give an example showing that the case of inﬁnite de-
composition rank is fundamentally different. This example uses many of the techniques
(partially due to [17]) used to establish Rørdam’s celebrated example of a C∗-algebra
containing both a ﬁnite and an inﬁnite projection [15] . We note that extensions of type
I C∗-algebras are of general interest, since, if G is either a simply connected nilpotent
Lie group or a connected semisimple Lie group, then the group C∗-algebra C∗(G) is
type I, and the structure theory of C∗(G) is still not complete.
2. The case of ﬁnite decomposition rank
The theorem to be proven is: 1
Theorem 2.1. Let A and B be separable C∗-algebras. Suppose that B is a type I
C∗-algebra such that
(i) B has only inﬁnite dimensional irreducible ∗-representations, and
(ii) B has ﬁnite decomposition rank.
1 Throughout this paper, the term representation means a ∗-representation, and the term ideal always
means a two-sided closed ideal, generally with respect to the norm topology. We sometime use other
topologies, which are then indicated by suitable adjectives.
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Suppose that
0 → B → C → A→ 0
is a homogeneous extension with Busby invariant . Then the extension  is absorbing.
The term absorbing means that the BDF sum of the given extension with any arbitrary
trivial extension is equivalent to the given extension (where equivalence is approximate
unitary equivalence as deﬁned by Voiculescu [18]) A type I algebra is said to be of
continuous trace if and only if the positive elements of continuous trace (the elements
upon which the traces are continuous) generate a dense ideal [12]. The term homo-
geneous necessarily has somewhat a different meaning in our case than in the case
studied by Pimsner et al. [13], since we do not have an a priori bundle structure on
our algebra. Our version of this condition is perhaps best thought of as a strong fullness
condition, and is deﬁned as follows (we generally regard an extension as being given
by a completely positive lifting ˆ : A −→M(B) of its Busby map).
Deﬁnition 2.2. We say that an extension ˆ : A −→M(B) is homogeneous if it satisﬁes
any of the equivalent conditions below.
(i) The Busby map  : A −→ M(B)/B does not nontrivially intersect the image of
any proper strictly closed ideal of M(B),
(ii) BcB = B for all positive elements c of the extension algebra, provided that c is
not in the canonical ideal B,
(iii) A positive element c of the extension algebra is contained in a proper strictly
closed ideal of M(B) only if it is in the canonical ideal B, and
(iv) A positive element c of the extension algebra is contained in a proper strongly
closed ideal of B∗∗ only if it is in the canonical ideal B.
Remark 2.3. We will later establish one more equivalent condition for homogeneity
(Remark 2.13). It is clear from the above conditions that homogeneity is a property of
the Busby map, and not of any distinguished lifting.
Proof. The equivalence of the ﬁrst three conditions follows from the following
statements:
(a) If J is a strictly closed ideal in M(B), then J is the strict closure of the subideal
J ∩ B.
(b) If J0 is an ideal in B, and if J is the strict closure of J0 in M(B), then J ∩B =
J0.
The equivalence of the last condition (iv) with the other three conditions follows
from the fact that every strictly closed ideal of M(B) is the intersection of M(B) with
some w∗-closed ideal of B∗∗. 
We shall make use of the recent concept of decomposition rank due to Kirchberg
and Winter [8], deﬁned in terms of properties of completely positive maps, and closely
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related to both stable rank and real rank. The properties of decomposition rank that we
shall use are:
Lemma 2.4. (i) Decomposition rank does not increase upon passage to hereditary
subalgebras.
(ii) Decomposition rank does not increase upon passage to quotients, and
(iii) if C is a separable continuous trace C∗-algebra, the decomposition rank is equal
to the topological dimension of the spectrum Cˆ.
For the details of the above, see [8, Sections 3.3, 3.12].
We note that decomposition rank is a noncommutative version of dimension for
topological spaces, as suggested by (iii) above. Decomposition rank is known to be
invariant under Morita equivalence. This is in contrast with real rank and stable rank,
which are not invariant under Morita equivalence. Finally, the notion of decomposition
rank has been useful in the K-theoretic classiﬁcation of simple, stably ﬁnite, real rank
zero algebras [8].
Lemma 2.5. Let A be a separable continuous trace C∗-algebra with ﬁnite decomposi-
tion rank. If A has only inﬁnite-dimensional irreducible ∗-representations, it is stable.
Proof. By Lemma 2.4, the decomposition rank of A under these hypotheses is the
topological dimension of Â, the spectrum of A. Since A only has inﬁnite-dimensional
irreducible ∗-representations, the primitive quotients of A must all be isomorphic to the
algebra of compact operators over a separable, inﬁnite-dimensional Hilbert space. Now
by the fundamental Dixmier–Douady classiﬁcation theorem (see [4, Theorems 10.8.4
and 10.9.5(ii)]), the algebra A is a bundle, with stable ﬁbres, over the spectrum Â.
The isomorphism class of A, under these conditions, is completely determined by a
ˇCech cohomology class in H 3(Â,Z) (the third ˇCech cohomology group of Â). This
ˇCech cohomology class is called the Dixmier–Douady invariant of A, and is constructed
from the transition functions of a bundle. The topological class of these transition
functions is unchanged if the bundle is tensored with a copy of the compact operators
on some ﬁxed Hilbert space, since this only tensors the transition functions with the
identity map, and hence the algebra A must be stable. 
We now recall a deﬁnition due to Rørdam [14]:
Deﬁnition 2.6. An algebra is regular if every full hereditary sub-C∗-algebra that has
no unital quotients and no bounded traces is stable.
The key property of regularity that we shall need is
Lemma 2.7 (Rørdam [14]). Consider the extension
0 −→ B −→ C −→ A −→ 0,
where A and B are separable C∗-algebras.
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If A is stable, and B is both stable and regular, then C is stable.
The next lemma generalizes Lemma 2.5.
Lemma 2.8. Suppose that A is a separable type I C∗-algebra such that
(i) the decomposition rank, dr(A), is ﬁnite, and
(ii) the algebra A has only inﬁnite dimensional irreducible ∗-representations.
Then every hereditary subalgebra of A with only inﬁnite dimensional irreducible
∗-representations is stable.
Proof. Since A is type I, let  be an ordinal and {A} a composition series con-
sisting of closed two-sided ∗-ideals of A such that
(i) A = A,
(ii) A0 is a nonzero continuous trace algebra and
(iii) A+1/A is a nonzero continuous trace algebra for all  < .
Note that for each , by an extension argument the ideal A has only inﬁnite-
dimensional irreducible representations. By the properties of decomposition rank
(Lemma 2.4), the decomposition rank of A is moreover ﬁnite.
We prove that for every , hereditary subalgebras of A that do not have any
ﬁnite-dimensional irreducible representations are stable. For brevity, we call this prop-
erty of A property P. If we can show the desired claim, it will in particular follow
(as in the remark) that A, being a hereditary subalgebra of itself, is stable.
We proceed by induction on .
The base case  = 0 follows from Lemma 2.5. To see this, notice that A0 is an
ideal in A, hence has ﬁnite decomposition rank, and that furthermore every hereditary
subalgebra of a separable continuous trace C∗-algebra is continuous trace.
Now for the induction step. Suppose that property P has been established for all
 < , where  is an ordinal such that . We now prove that A has property P.
As usual in a transﬁnite induction, there are two things to consider, the actual in-
duction, and the passage to a direct limit.
For the ﬁrst of these, we suppose that  has an immediate predecessor, say 0. We
have an exact sequence
0 → A0 → A
q−→ A/A0 → 0.
Note that by deﬁnition, A/A0 is continuous trace. Let W be a hereditary subalgebra
of A with only inﬁnite dimensional irreducible representations. Let q : A → A/A0
be the natural quotient map in the above exact sequence. Then, intersecting with the
hereditary subalgebra, we obtain an new exact sequence:
0 → A0 ∩W → W
q−→ q(W)→ 0.
Now since A and A0 both have ﬁnite decomposition rank, it follows by the properties
of decomposition rank (Lemma 2.4) that A/A0 has ﬁnite decomposition rank.
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Since decomposition rank does not increase upon passing to hereditary subalgebras
or upon passing to ideals, it even follows that q(W) also has ﬁnite decomposition
rank. Also, a ﬁnite-dimensional irreducible representation of q(W) would pull back
to give a ﬁnite-dimensional irreducible representation of W, so that every irreducible
representation of q(W) is necessarily inﬁnite dimensional. Finally, since as pointed out
earlier, every hereditary subalgebra of a separable continuous trace algebra is continuous
trace, it follows directly from Lemma 2.5 that the quotient algebra q(W) in the above
exact sequence is stable. We shall next show that the ideal A0 ∩W is both stable and
regular, which shall imply by the lemma that W is stable, as was to be shown for this
portion of the induction.
If the intersection A0 ∩W were zero, then W is equal to (W), and we are done.
On the other hand, suppose that A0 ∩W is a nonzero ideal of W. Then, because ﬁnite-
dimensional representations would extend to the larger algebra, the algebra A0 ∩ W
can only have inﬁnite dimensional irreducible ∗-representations, and it follows from
the induction hypothesis that the algebra A0 ∩W is stable. We now need only show
that it is regular, and we are done. Regularity can, however, be shown by a second
application of the induction hypothesis. Speciﬁcally, to show regularity, it is sufﬁcient
to show that any hereditary subalgebra of A0∩W is stable: but this amounts to nothing
more than making a different choice of W in the above.
From the lemma on extensions of stable algebras (Lemma 2.7), and the stability of
A0 ∩W and (W), we must then have that W is stable. This completes this particular
portion of the induction.
We must next consider passages to direct limits. Hence suppose that  is a limit
ordinal, meaning that A is the direct limit
⋃
<A of algebras having property P. We
wish to show that the limit itself has property P.
Now suppose that W is a nonzero hereditary subalgebra of A and that W has
only inﬁnite dimensional irreducible ∗-representations. By separability, we let a be a
nonzero positive element of A such that W = aAa. Since A, with , is an ideal
in A, the algebra aAa is both a hereditary subalgebra of A and an ideal in W.
Certainly a(alg-lim<A)a is dense in W, and since A is an ideal in A, we have that
alg-lim<aAa is dense in W. It follows that W is a direct limit of the ideals aAa.
Since ﬁnite-dimensional representations of an ideal would extend to ﬁnite-dimensional
representations of the larger algebra W, it is clear that aAa is stable. We now must
only show that the direct limit of stable algebras is stable. But this is well-known (see
[6, Corollary 4.1]). Hence W is stable as claimed.
This completes the induction. 
Theorem 2.9. Let A and B be separable C∗-algebras. Suppose that B is a type I
C∗-algebra such that
(i) B has only inﬁnite dimensional irreducible ∗-representations, and
(ii) B has ﬁnite decomposition rank.
Suppose that
0 → B → C → A→ 0
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is a homogeneous extension with Busby invariant . Then the extension  is
absorbing.
Proof. Let M(B) be the multiplier algebra of B. Let c ∈M(B) be a positive element
belonging to the extension algebra C, but not to B. In order to apply the absorption
criterion of [5], one must show that the hereditary subalgebra cBc (which is the inter-
section of B with the hereditary subalgebra of M(B) generated by c) is stable and full.
By deﬁnition, such an algebra is full if the closure of BcBcB is all of B. However, by
a factorization argument, this is equivalent to showing that BcB is dense in B, which
is immediate from the fact that homogeneity implies fullness.
Hence, to show that  is absorbing, it is sufﬁcient to show that the hereditary subal-
gebra cBc is stable, and by the above key lemma (Lemma 2.8), it is in fact sufﬁcient
to show that the hereditary subalgebra cBc has no ﬁnite-dimensional representations.
If  were an irreducible ∗-representation of B such that (cBc) is ﬁnite-dimensional,
then, extending this representation to the multipliers, we see that (c) multiplies (B)
into a ﬁnite-dimensional algebra. Since B is type I, it follows [12, Theorem 6.1.5] that
the image of B under  contains the compact operators, K. Therefore, (c) would be an
operator such that the closure of (c)K(c) is ﬁnite-dimensional (note that (c)K(c)
is an ideal in the ﬁnite-dimensional algebra (c)(B)(c), and therefore must be ﬁnite-
dimensional.) This can be true only if (c) is a ﬁnite rank operator, and hence is in
K. However, it then follows that (c) is in (B). Since c can be written in the form
ˆ(a)+ b for some positive element of A, it follows that (ˆ(a)) is in (B), which by
homogeneity means that a is actually zero. This contradicts the assumption that c was
not in B.
Therefore, it must be that if  is in the spectrum B̂ then (cBc) is not a ﬁnite
dimensional C∗-algebra. Thus, no representation of B restricts to a ﬁnite-dimensional
representation of cBc. By [12, Proposition 4.1.9], every irreducible ∗-representation of
cBc is therefore inﬁnite dimensional, and we have our desired conclusion. It follows
that cBc is stable. Since type I algebras are nuclear [16], the rest follows from the
criterion in [5].
We can, as an application, give a theorem similar to one by Brown et al. [2]. This
theorem could be used, for example, to classify strictly continuous families of essentially
normal operators w : X −→ B(H) for a second-countable compact ﬁnite-dimensional
base space.
Theorem 2.10. Suppose that B is a type I C∗-algebra such that
(i) B has only inﬁnite dimensional irreducible ∗-representations, and
(ii) B has ﬁnite decomposition rank.
The set of operators W in the multipliers of B that are normal modulo B are then
classiﬁed up to approximate unitary equivalence by
(i) their essential spectrum spM(B)/Bw, and
(ii) their KK-class as extensions
0 −→ B −→ C∗(w,B) −→ spM(B)/Bw −→ 0.
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Remark 2.11. Since type I algebras are bootstrap class, the KK-class of such an ex-
tension can be computed using the universal coefﬁcient theorem [1].
Remark 2.12. We point out that there are certain implications for the structure of the
ideals of the multipliers of type I algebras satisfying our hypothesis. If c is any element
of the multipliers of such an algebra, B, then provided that c + B does not intersect
any strict ideal of the multipliers and is moreover not contained in B, we then have
that
0 −→ B −→ C∗(B, c) −→ A −→ 0
is a homogeneous, hence absorbing (generally in the nonunital sense), extension. Since
it is easy to see that there exists a trivial nonunital extension of A by B that is full
in the strongest possible sense: i.e. that 1(a) is full in the corona for any nonzero
element a ∈ A, it follows that the above extension must absorb 1. Thus the above
extension is full in the corona, and it follows that c/B is not in any norm-closed ideal
of the corona. Therefore, the coset c+B does not intersect any nontrivial norm-closed
ideal of the multipliers. We thus see that in the multipliers of this type of algebra,
strict fullness implies norm fullness. It is thus tempting to pose the following question:
For a separable type I C∗-algebra B with
(i) only inﬁnite dimensional irreducible ∗-representations, and
(ii) ﬁnite decomposition rank,
are all norm closed ideals of the multipliers given by the sum of a strictly closed ideal
and a norm-closed ideal of B?
Remark 2.13. We now see from the previous remark that we can add one more equiv-
alent form of the homogeneity condition (Deﬁnition 2.2) for the algebras of interest.
We repeat the ﬁrst ﬁve conditions for the reader’s convenience:
(i) The Busby map  : A −→ M(B)/B does not nontrivially intersect the image of
any proper strictly closed ideal of M(B).
(ii) BcB = B for all positive elements c of the extension algebra, provided that c is
not in the canonical ideal B.
(ii) A positive element c of the extension algebra is contained in a proper strictly
closed ideal of M(B) only if it is in the canonical ideal B.
(iv) A positive element c of the extension algebra is contained in a proper strongly
closed ideal of B∗∗ only if it is in the canonical ideal B.
(v) (a) is contained in a norm-closed ideal of the corona if and only if the positive
element a ∈ A+ is zero.
3. Counterexample in the case of inﬁnite decomposition rank
Our construction uses many ideas from [17,15].
We need to use some differential topology. Hence, we work with vector bundles,
generally denoted by  or . If  is an n-dimensional complex vector bundle over
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X, a compact CW complex, sometimes it is convenient to regard  as its Euler class,
which is an element of the 2nth cohomology group of X, denoted H 2n(X,Z). More
precisely, the Euler class is obtained by considering the cohomology of the total space
of the bundle (which is singly generated by one generator of degree 2n, by the Leray–
Hirsch theorem) and pulling back the generator to H 2n(X,Z) by the bundle map. The
properties of the Euler class are [10]:
(i) If the vector bundle has a nowhere-zero cross section, its Euler class is zero.
(ii) The Euler class of a ﬁbrewise direct sum of vector bundles 1 ⊕ 2 is the cup
product (or wedge product) of the Euler classes e(1) and e(2).
(iii) The Euler class of the tensor product of vector bundles is the cartesian product of
the Euler classes.
Moreover, the Euler class can readily be computed in most cases by means of an
alternative construction involving differential forms.
The ﬁrst lemma is from a paper of Villadsen.
Lemma 3.1 (Villadsen [17, Lemma 1]). Let  be a complex vector bundle over a ﬁnite
CW-complex X and m a positive integer. Let 1 be the trivial one dimensional complex
vector bundle over X. If [⊗m] − [1] is a positive element of K0(Xm), then the Euler
class of the mth tensor power with itself of  is zero. (We denote the vector bundle
obtained by taking the tensor product of  with itself m times by ⊗m; and Xm denotes
the m-fold Cartesian product of X with itself).
We now construct the exact sequence for the counterexample. Let Z be the topo-
logical product of countably many copies of the sphere S2. We note that by theorems
from point-set topology, Z is a second countable and compact metric space [11]. Let
p ∈ M2(C(S2)) be the Bott projection over S2. In particular, p is a one-dimensional
projection such that the Euler class of the corresponding vector bundle (the Bott bun-
dle), is nonzero. For each n, let pn be a one-dimensional projection in C(Z)⊗K given
by pn(x1, x2, x3, . . .) = p(xn) for every (x1, x2, x2, . . .) ∈ ∏∞n=1 S2 = Z. Replacing
each pn by an appropriate Murray–von Neumann equivalent projection (in C(Z)⊗K)
if necessary, we may assume that
(i) the pns are pairwise orthogonal, and
(ii) P = ∑∞n=1 pn converges in the strict topology to a projection in M(C(Z) ⊗ K)
(the multiplier algebra of C(Z)⊗K).
Now let E be the C∗-subalgebra of M(C(Z)⊗ K) generated by C(Z)⊗ K and P.
Let  :M(C(Z)⊗K)→M(C(Z)⊗K)/C(Z)⊗K be the natural quotient map. Note
that the C∗-subalgebra of M(C(Z) ⊗ K)/C(Z) ⊗ K, given by (E), is ∗-isomorphic
to C. Therefore we have a split exact sequence
0 → C(Z)⊗K i→ E → C→ 0,
where i is the natural inclusion map and  here denotes the restriction of  to E . Note
that if Q = (P ), then Q generates C (as an algebra). Hence, for the above exact
sequence, a splitting map  : C→ E is given by (Q) = P . Also, note that the Busby
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invariant  : C→M(C(Z)⊗K)/C(Z)⊗K is given by (Q) = (P ). Henceforth, we
will identify and extension and its Busby invariant .
Since C is simple and the Busby map  is nonzero, the Busby map must be injective,
implying that extension is essential. We now claim the extension  is homogeneous.
To see this, we note that in our current notation, we are trying to show that for every
irreducible representation 	 of C(Z) ⊗ K, the Busby map  is still injective when
composed with 	˜. Since K is simple, it is enough to show that the map 	˜ ◦  is
nonzero. Thus, in fact, we only need to show that (	˜ ◦ )(Q) is nonzero. But this is
clear.
Remark 3.2. We note that by a slight modiﬁcation of our construction, we can take the
quotient algebra to be K, the algebra of compact operators over a separable, inﬁnite-
dimensional Hilbert space (instead of C). Our extension would then be of the form:
0 −→ B −→ E −→ K −→ 0.
The argument of the next result would still work (giving another counterexample).
Theorem 3.3. The extension  is unital, trivial and homogeneous, but not absorbing.
Proof. That  is unital, trivial and homogeneous follows from the discussion before
this proof. By [5, Theorem 6], to show that  is not absorbing, it is enough to show
that  does not have the purely large property: i.e. there exists a positive element c of
the extension algebra such that the hereditary subalgebra generated by c in B does not
contain a stable full subalgebra.
Let 1 be a one dimensional trivial projection in C(Z)⊗K.
Claim I. There is no projection r ∈ C(Z)⊗K such that
(i) [r] = [1] in K0(C(Z)⊗K), and
(ii) rP in M(C(Z)⊗K).
Suppose, to the contrary, that r is a projection in C(Z) ⊗ K which satisﬁes items
(i) and (ii) in the claim. Now P = ∑∞n=1 pn (strict convergence). Hence, we can
ﬁnd a large integer N such that all the operators
∑N
n=1 pnr
∑N
n=1 pn,
∑N
n=1 pnr and
r
∑N
n=1 pn are all within 1/1000 of r. Hence, [1] = [r][
∑N
n=1 pn] in K0(C(Z)⊗K).
We may view
∏N
n=1 S2 as a subspace of
∏∞
n=1 S2 via the embedding (x1, x2, . . . , xN)
→ (x1, x2, . . . , xN , xN, xN, xN, xN, . . .). Thus, [1|∏Nn=1 S2][
∑N
n=1 pn|∏N
n=1 S2] in K0(C(
∏N
n=1 S2) ⊗ K) = K0(
∏N
n=1 S2). Let 
 be the Bott bundle on
S2. Then [∑Nn=1 pn|
∏N
n=1 S2] = [
×N ] in K0(C(
∏N
n=1 S2) ⊗ K) = K0(
∏N
n=1 S2),
where 
×N is the N-fold tensor product of 
 with itself. The restricted vector bun-
dle 1|∏Nn=1 S2 corresponds to a trivial one dimensional complex vector bundle over∏N
n=1 S2, which we also denote by 1. Hence, [
×N ] − [1] is a positive element
of K0(
∏N
n=1 S2). Hence, by Lemma 1, if e(
) is the euler class of 
, then e(
)⊗N ,
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the N-fold tensor product of 
 with itself, is zero. But this contradicts the facts that
H 2(S2,Z) ∼= Z and e(
) = 0. This ﬁnishes the proof of Claim I.
Claim II. Let H be the hereditary subalgebra of C(Z) ⊗ K given by
H = P(C(Z)⊗K)P . Suppose that H contains a stable subalgebra which is full in
C(Z)⊗K. Then there is a projection r ∈ C(Z)⊗K such that
(i) [r] = [1] in K0(C(Z) ⊗ K), where 1 is a one dimensional trivial projection in
C(Z)⊗K, and
(ii) rP .
Suppose that B ⊗ K is a stable subalgebra of H which is full in C(Z) ⊗ K. Let
b be a strictly positive element of B with ‖b‖1. Let {ei,j }1 i,j<∞ be a system of
matrix units for K. Then b ⊗ e1,1 is a strictly positive element for B ⊗ e1,1. Then
C = (b ⊗ e1,1)(C(Z)⊗K)(b ⊗ e1,1) is a full hereditary subalgebra of C(Z)⊗K which
is contained in H. Let D be the C∗-subalgebra of H which is generated by C and
B ⊗K. Then one can check that D is ∗-isomorphic to C(Z)⊗K.
Since D ∼= C(Z)⊗K contains a copy of K, let {fi,j }1 i,j<∞ be a system of matrix
units for a copy of K in D. Since C(Z)⊗K is naturally an inductive limit of the form
C(Z) ⊗ K = ⋃∞N=1 C(
∏N
n=1 S2)⊗K, we can choose an integer N and a projection
r1 ∈ C(∏Nn=1 S2) ⊗ K such that ‖f1,1 − r1‖ < 1/1000. We may assume that there is
an integer M such that r1 ∈ MM(C(∏Nn=1 S2)). Now by the theory of ﬁbre bundles
[7, Theorem 8.1.2], there is a positive integer L and projections r2, r3, r4, . . . , rL in
C(Z)⊗K such that
(i) for 1 i, jL, if i is not equal to j, then ri is orthogonal to rj ,
(ii) for 1 i, jL, the element ri is Murray–von Neumann equivalent to rj in C(
∏N
n=1
S2)⊗K, and
(iii) 1r1 ⊕ r2 ⊕ . . .⊕ rL in C(∏Nn=1 S2)⊗K, where 1 is a one dimensional trivial
projection in C(∏Nn=1 S2)⊗K.
But f1,1⊕f2,2⊕· · ·⊕fL,L is Murray–von Neumann equivalent to r1⊕ r2⊕· · ·⊕ rL in
C(Z)⊗K. Hence, f1,1⊕f2,2⊕· · ·⊕fL,L contains a projection r which, in C(Z)⊗K, is
Murray–von Neumann equivalent to a trivial one dimensional projection. In particular,
rP . This proves Claim II.
From these two properties, we must then have that the extension  is not purely
large, and hence, not absorbing.
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